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Abstract
Suppose given a prime number p, and a positive integer g. We show there exists a curve of
genus g over a nite eld of characteristic p such that its Jacobian variety is absolutely simple.
c© 2001 Elsevier Science B.V. All rights reserved.
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The purpose of this note is to answer a question put to us by M. Sadi.
Question. Let g  2 be a positive integer. Does there exist a projective nonsingular
curve of genus g over a nite eld whose Jacobian is absolutely simple? If so, are
there innitely many such curves?
There is a similar but simpler question, with \nite elds" replaced by \number
elds". The answer for both questions is \Yes", see Remark 5(v).
It is easy to show that there exist innitely many curves over C whose Jacobian is
simple: the locus in the moduli space Mg of curves of genus g, consisting of those
curves whose Jacobians are not simple, is the union of a countable family of algebraic
subvarieties of Mg of lower dimension. So the union is not equal to Mg.
Of course this naive argument does not work for the countable elds Q and Fp.
In this note we answer this question armatively. We show that for any family of
curves C ! S over a base scheme S of nite type over Fp (or over Q) such that the
monodromy is \maximal", there exist innitely many closed points s2 S such that the
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Jacobian of Cs is absolutely simple. The proof uses results on ‘-adic representations,
especially about Frobenius tori, due to Serre, Chi, Larsen and Pink. The proof also
shows that the assumption on the monodromy can be weakened; this is discussed in
Remark 5(i). Also, the existence of closed points s2Mg(Fp) with Jac(Cs) absolutely
simple follows from a Chebotarev density argument, and we see that the set of all such
points s has positive Dirichlet density in the set jMgj of all closed points of Mg;Fp .
Here is a sketch of the basic argument. We are given a family of abelian varieties
A! S in characteristic p with an assumption on its monodromy. The goal is to show
that there are many closed bres in the family which are absolutely simple. If for a
closed point s2 S, the Q‘-Tate module T‘(A s)⊗Z‘ Q‘ of the bre As is Q‘-irreducible
under the action of Frns for each power of the Frobenius Frs, then As is absolutely
simple. Let G\ be the set of all semisimple conjugacy classes of the ‘-adic monodromy
group G for A! A. Let Ir\G\ be the set of semisimple conjugacy classes [] such
that T‘(A s) ⊗Z‘ Q‘ is irreducible as a Q‘[] module. If Ir\ contains an open subset
of G\, then we can apply the Chebotarev density theorem to produce bres As in the
family which are absolutely simple. In general, whether the subset Ir\ is empty is a
property of the representation of G on the Tate module. In the exposition below, we
assume for simplicity that the monodromy representation is the standard representation
of the group of symplectic similitudes. In this case Ir\ contains the conjugacy classes
of all generators of elliptic maximal tori, and Krasner’s lemma implies the openness
we need.
Notations. Let S be a geometrically connected scheme, smooth over a nite eld
Fq Fp. Let ( :A ! S;  :A ! At) be a polarized abelian scheme over S of relative
dimension g. Let  (resp. ) be the generic point of S (resp. a geometric generic point
of S). Let ‘ be a prime number dierent from p. Let h ; i be the symplectic pairing on
the Tate module T‘(A)⊗Q‘ attached to the polarization . Let A;  be the symplectic
involution on the endomorphism algebra End(T‘(A)⊗Q‘) dened by h; i. Let SpA; 
(resp. GSpA; ) be the symplectic group (resp. the group of symplectic similitudes) in 2g
variables dened by A; . Let  : 1(S; ) ! GSpA; (Q‘) be the ‘-adic representations
attached to T‘(A). Recall that the fundamental group 1(S; ) ts canonically into an
exact sequence
1! 1( S; )! 1(S; )! Gal(Fq=Fq)! 1;
where S = S Spec Fq SpecFq.
Let G=GA=(1(S)) (resp. G1=GA;1=(1( S; ))) be the image of the fundamental
group (resp. the geometric fundamental group) in GSpA; (Q‘). Let Galg = G
alg
A (resp.
Galg1 = G
alg
A;1) be the Zariski closure of GA (resp. GA;1) in GSpA; .
Construction/Denition. For each closed point s2 S, there is a Frobenius element Frobs
in 1(S; ) attached to s, well dened up to conjugation. The neutral component of
the Q‘-Zariski closure of the subgroup of GSpA;  generated by a Frobenius element
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(Frobs) is a subtorus of GSpA; ; therefore it is also a subtorus of the Zariski closure
GalgA . This subtorus Ts of G
alg
A is well-dened up to conjugation in G
alg
A (Q‘). We call
it \the" Frobenius torus attached to the closed point s, and denote it by Ts.
Remark 1. The notion of Frobenius torus is due to Serre, see [4, Section 3], [7,
Sections 4, 7]. The Frobenius torus Ts can be dened over Q; here we use its \‘-adic
realization".
In the next lemma we show that under suitable conditions on the monodromy of
A ! S, there are many Frobenius tori Ts which are elliptic maximal tori; in other
words Ts is anisotropic modulo the center of GSp2g;. We denote by jSj the set of all
closed points of S, and by jSjemFt the subset of all s2 jSj such that the Frobenius torus
Ts is an elliptic maximal torus of GSpA;  over Q‘.
Lemma 2. Notations as above. Assume that the Zariski closure of the image
(1( S; )) of the geometric fundamental group is equal to SpA; . Then jSjemFt has
positive Dirichlet density in jSj. In particular jSjemFt is an innite set.
Proof. This statement is certainly known. We reproduce a proof for the convenience
of the reader. As a rst step, the assumption implies that G is an open subgroup in
Galg(Q‘) = GSpA; (Q‘). Admit this for the moment.
The Q‘-rational maximal tori in GSpA;  are given by maximal commutative semi-
simple subalgebras B in End(T‘(A)⊗Q‘) which are stable under the involution A; .
For any such subalgebra B, the Q‘-subspace of elements xed under A;  has di-
mension g = dimQ‘(B)=2. Among these maximal tori, the elliptic ones correspond to
subelds of dimension 2g over Q‘, and they are known to exist. For any element
x2GSpA; (Q‘), the neutral component of the Zariski closure of the subgroup generated
by x is an elliptic maximal torus if and only if the algebra Q‘[x]End(T‘(A)⊗Q‘)
is a eld. Let Em be the subset of G consisting of all elements of x2G such that
Q‘[x]End(T‘(A) ⊗ Q‘) is a eld of degree 2g over Q‘. By Krasner’s lemma [6,
Proposition 3, p. 43], Em is an open subset of G. More concretely, if Q‘[x0] is a eld
of degree 2g over Q‘, then for all x2GSpA; (Q‘) suciently close to x0 in the ‘-adic
topology, the characteristic polynomial and the eigenvalues of x are close to those for
x0. So Q‘[x] is a eld of degree at least 2g, therefore the degree is exactly 2g. It is
known that Em is not empty; so there exists an open normal subgroup N G such
that Em is a union of cosets for N .
Recall that Chebotarev’s density theorem states that for any nite etale Galois cov-
ering X ! Y between normal integral schemes of nite type over Z, the Frobenius
conjugacy classes in the covering group attached to the closed points of Y is equidis-
tributed, see [9, Theorem 7, p. 91]. Applying this density theorem to the nite etale
covering of S corresponding to the nite quotient G ! G=N of the monodromy group
G, we see that there exist innitely many Frobenius tori which are elliptic maximal tori
in GSpA;  over Q‘. This nishes the proof of Lemma 2, except for the fact that G is
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open in Galg(Q‘). This is done in the next two paragraphs. The reader may wish to skip
them because it is a little too technical and not central to this note; cf. Remark 3(i).
Both G and G1 are closed subgroups of GSpA; (Q‘); hence they are analytic Lie
subgroups of GSpA; (Q‘). Let g (resp. g1) be the Lie algebra of G (resp. G1), and let
galg (resp. galg1 ) be the Lie algebra of G
alg (resp. Galg1 ). The assumption of the theorem
means that galg1 is equal to the Lie algebra sp2g; of SpA; . Therefore g
alg is equal to
the Lie algebra gsp2g; of GSpA; .
By [3, Section 7, Corollary 7:9], we have [galg1 ; g
alg
1 ] g1. We reproduce a proof
here. The algebraic subgroup of GSpA;  consisting of all elements x2GSpA;  such that
Ad(x)(g1) g1 clearly contains G, hence [galg1 ; g1] g1. Repeating this argument again,
one concludes that [galg1 ; g
alg
1 ] g1.
From [galg1 ; g
alg
1 ] g1, we deduce that g1 = sp2g; and g= gsp2g;. Especially G is an
open subgroup of GSpA; (Q‘).
Remarks 3. (i) The argument to show that g1 is big since it contains the derived
algebra of its algebraic envelope appeared in [2].
(ii) It is easy to nd examples which satisfy the assumption in Lemma 2. For
instance, one can take S to be equal to the moduli space Mg;n of curves of genus g
over Fp with the principal symplectic level-n structure, or a generic curve in Mg, with
n  3 and (n; p‘) = 1. In this case the monodromy group G is equal to GSp2g(Q‘);
this is equivalent to [5, Theorem 5:15, p. 108], that the moduli spaces Mg;n‘i are
geometrically connected. Then Proposition 4 below answers the Question given at the
beginning of this note.
Proposition 4. Notation and assumptions as in Lemma 2. Then for each s2 jSjemFt ;
the ber As is an absolutely simple abelian variety.
Proof. Suppose that s2 S is a closed point such that the Frobenius torus Ts is an
elliptic maximal torus in GSpA;  over Q‘. We know that each elliptic maximal torus
T in GSpA;  is given by a subeld F in End(T‘(A)⊗Q‘) of degree 2g stable under
A; , hence T acts irreducibly on T‘(A)⊗Q‘. So the action of any open subgroup of
Gal( s=s) on the ‘-adic Tate module of As is irreducible over Q‘. This implies that As
is not isogenous to a non-trivial product over any nite extension of the residue eld
(s) of s.
Remarks 5. (i) In the proof above, what we really need about the monodromy of
 :A! S is that the neutral component Galg of the Zariski closure of (1(S)) has an
elliptic maximal torus T over Q‘ such that the restriction to T of the representation
of Galg on the ‘-adic Tate module is irreducible. For instance, if Galg is isomorphic
to the derived group (ResE=Q‘GL2)
der of ResE=Q‘GL2) for a nite extension E of Q‘
and the representation is isomorphic to the standard representation of ResE=Q‘GL2), the
argument still works and one gets absolutely simple bers in the abelian scheme in
question.
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(ii) On the other hand, suppose  :A! S is the universal family of abelian surfaces
over the Shimura curve S attached to a quaternion division algebra B over Q, such that
B is split at p, and ‘ is a prime number dierent from p. Then the representation of
every Frobenius torus Ts on the ‘-adic Tate module is reducible. The group Galg is the
group attached to Bopp; where Bopp is the opposite algebra of B, and the representation
on the ‘-adic Tate module comes from the regular representation of Bopp. In this
example, one can show that none of the bres As is absolutely simple.
(iii) If the representation of the Frobenius torus Ts on the ‘-adic Tate module is
reducible, then End(A s)⊗Q‘ contains a nontrivial idempotent. But this, in general, does
not imply that End(A s) ⊗ Q contains a nontrivial idempotent, so As over the closed
point s may or may not be absolutely simple.
(iv) If AK is an abelian variety of dimension g over a number eld such that the
Zariski closure of the image of the ‘-adic Galois representation attached to A is equal
to GSp2g, the same argument shows that there exist nite places v of K such that
the reduction Av of A at v is an absolutely simple abelian variety; such places v form
a subset of positive density. One can also change GSp2g to a group satisfying the
property specied in (i).
By [8, 1.4], due to Serre, for any abelian variety AL over a eld L of nite type
over Q, there exist specializations BK to number elds K , such that the images of the
‘-adic Galois representations for AL and BK are equal. Therefore there exist examples
satisfying the assumption in the previous paragraph.
(v) Proposition 4 gives an armative answer to the Question at the beginning of this
note. The similar question, with Fp replaced by Q, was answered by [8, Corollary 1:5].
and also by [1, Theorem 0:6:1, p. 8]. One can also deduce it from the Fp-version
because of Lemma 6 below.
Lemma 6. Suppose that AK is an abelian variety over a number eld K with good
reduction at a nite place v of K. If the reduction Av of A is absolutely simple; then
the abelian variety A is also absolutely simple.
Proof. Since the hypothesis does not change if one extends the base eld K to a bigger
number eld L, it suces to prove that the abelian variety A is simple over K . Recall
that whether the abelian variety A is simple or not is a question on the existence of an
endomorphism T of A such that T 2 = nT for some nonzero integer n, while Ker(T )
is not nite. Since every endomorphism of A over K extends to an endomorphism of
the abelian scheme A over OK;v which extends A, we are done.
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